When an asymptotically non-free theory possesses a mass parameter, the ultraviolet (UV) renormalon gives rise to non-perturbative contributions to dimensionfour operators and dimensionless couplings, thus has a similar effect as the instanton. We illustrate this phenomenon in O(N) symmetric massive λφ 4 model in the 1/N expansion. This effect of UV renormalon is briefly compared with non-perturbative corrections in the magnetic picture of the Seiberg-Witten theory.
cal coupling constant and β 1 is the one loop coefficient of the β function) which is O(1/Λ 2n ) in terms of the Λ parameter. Therefore, if there exists a mass parameter, UV renormalon can give rise to "non-perturbative" corrections of the order O(m 2n /Λ 2n ) to four-dimensional operators.
We illustrate this phenomenon in O(N) symmetric massive λφ 4 model,
where φ i is an N component scalar field (i = 1-N). In (1), we have introduced the normal ordering to suppress (most of) tadpole diagrams and to avoid unnecessary complications associated with the dynamical mass generation. Also, the normalization of the coupling constant has been taken in accord with the standard 1/N expansion, because the 1/N expansion allows a systematical isolation of renormalon diagrams, as is well-known. In what follows, we shall study the self energy part and the four point vertex function to the next-to-leading order of the 1/N expansion.
In the lowest order of the 1/N expansion, it is easy to see that there is no self-energy correction (with the normal ordering), Σ
ij (p 2 ) = 0, and thus the mass parameter m in (1) is the physical one. On the other hand, in the lowest order of the 1/N expansion, the four point vertex function at the zero external momentum Γ ijkl (0) is given by
where i∆(p 2 ) is a geometrical sum of strings of one-loop bubbles in Fig. 1 ,
and Π(p 2 ) is the renormalized one loop bubble defined by
(µ is the renormalization point). The expression of the renormalized bubble (4) depends on the renormalization scheme, but the dependence can be parameterized by a single constant C [9] . For example, we have C = 0 in the MS scheme and, C = −γ + ln 4π in the MS scheme. The coefficient of the renormalized bubble is related to the renormalization group (RG) β function of λ as
and β 1 = 1/16π 2 > 0.
⋆ Throughout this letter, the symbol e is used only for the Napier's number, e = 2.718 · · ·.
We define the RG invariant Λ parameter as the value of the renormalization point µ at which the running coupling λ(µ) diverges. Therefore, in any renormalization scheme, we have Λ = e 1/(β1λ) µ to this order of the 1/N expansion. On the other hand, i∆(p 2 ) in (3) is an S-matrix element and thus must be independent of the renormalization scheme. This shows a combination e C/2 Λ is schemeindependent. For simplicity, we will omit the symbol C in the following because the dependence on C can be recovered by substitutions, µ 2 → e C µ 2 and Λ 2 → e C Λ 2 .
In particular, our final results (13)- (17) are independent of the renormalization scheme after this substitution.
In usual analyses of UV renormalon, the O(m 2 /p 2 ) or higher order terms in (4) are neglected, because the contribution of UV renormalon arises from the Euclidean UV singularity of (3) at p 2 = −Λ 2 , i.e., at the Landau pole, and m ≪ Λ for a weak coupling λ ≪ 1. When these higher order terms in (4) are neglected (thus the theory is basically regarded as a massless one), the leading UV renormalon contribution emerges in dimension six operators [7, 8] . However, the O(m 2 /p 2 ) term in (4) is crucial and cannot be neglected for our purpose to find O(m 2 /Λ 2 ) corrections to dimension four operators.
Let us next consider the next-to-leading order corrections in the 1/N expansion, the first non-trivial order the UV renormalon emerges. In this order, the selfenergy correction and the four-point vertex function are respectively given by the diagrams in Fig. 2 and Fig. 3 . In these figures, the double line denotes the sum of strings of bubbles in Fig. 1 . At this stage, it is convenient to introduce the Borel representation of the sum of strings of bubbles [7] :
Then, from (3) and (4), we see that the Borel transform B(z; p 2 ) has the following structure:
When z > 0, the insertion of this function into a Feynman integral produces new UV divergences besides the conventional UV divergence, which will turn to be the Borel singularity due to UV renormalons.
With the Borel representation (6), the self-energy part in Fig. 2 is expressed
We consider only the wave function renormalization part. Similarly, the four point vertex function in Fig. 3 with the zero external momentum is given by
where the Borel transform of the vertex function is given by
From (7), (8) and (10), we see that the analytic continuation of the Borel transforms F (z) and G(z) has pole singularities at z = 2n/β 1 for non-negative integer n. The singularity at z = 0 corresponds to the usual UV divergence and thus is removed by the conventional renormalization. The generic UV renormalon contribution corresponds to n ≥ 1.
Let us now concentrate on the leading UV renormalon which contributes to the leading large order behavior and the leading "non-perturbative" correction for a weak coupling. It emerges as the singularity of F (z) and G(z) at z = 2/β 1 , i.e., the closest singularity from the origin of the Borel z plane. To study this singularity, it is sufficient to retain the O(m 2 /p 2 ) terms in (7), because higher order terms give UV convergent integrals for z ∼ 2/β 1 . Then, from elementary calculations, we see that the analytic continuation of F (z) behaves near z = 2/β 1 as
and, similarly, G(z) has the double pole,
In terms of the large order behavior, the double and the single pole singularities
give rise to (β 1 /2) n n!λ n and −(β 1 /2) n (n − 1)!λ n behavior respectively, and the coefficient is given by the residue.
Therefore, by retaining the contribution of the leading UV renormalon in (8), the full propagator of φ i is given by (to this order of the 1/N expansion)
where + (−) sign is for the upper (lower) integration contour around the pole singularity. It might be possible to specify which is the physically correct one by tracing back the effect of the iε prescription (Feynman's boundary condition), as was stressed in [6] . From (13), we see that the canonical normalization of the kinetic term requires the "wave function renormalization" due to the renormalon,
The four point function is similarly given by only retaining the lowest 1/N expansion and the leading renormalon contribution in (9),
Now, for a fixed mass parameter m, the contribution of the UV renormalon in (15) can be removed by a finite renormalization. However, the response of the effective coupling on a variation of the mass parameter may be of interest in a certain situation. From (15) and the wave function renormalization (14), we can read off the effective coupling, i.e., the four point interaction at the zero momentum,
Then the response of the effective coupling on the variation of the mass parameter might be expressed by a "β function" (for Λ ≫ m),
Therefore we conclude that, to this order of the 1/N expansion, the UV renormalon gives rise to the non-perturbative contribution to the dimension-four operator and the effective dimensionless coupling.
We have illustrated a non-trivial contribution of the UV renormalon to a dimension-four operator in a very simple model. However, it is quite natural to suppose that this phenomenon is universal in asymptotically non-free theories with a mass parameter or scale. For example, a similar calculation should be possible in the massive QED, although the necessary computation will be quite involved.
Presumably, the explicit formula of the two loop vacuum polarization tensor of massless QED in [9] will be useful.
After observing the "non-perturbative" effect of the UV renormalon, it seems interesting to examine the possible implication in the magnetic or dual picture of the Seiberg-Witten theory on N = 2 supersymmetric gauge theory [20, 21] . In the electric or original picture, the theory is a non-Abelian gauge theory and the non-perturbative corrections to the effective coupling are provided by the instantons [19, 20, [22] [23] [24] [25] . In the magnetic picture, on the other hand, the low energy effective theory is described by an asymptotically non-free Abelian gauge theory with a massive "dual electron" (= magnetic monopole). Therefore the dual theory fulfills the necessary conditions for the non-trivial contribution of UV renormalons.
Furthermore, to our knowledge, the physical origin of the non-perturbative corrections in the magnetic picture has not been fully clarified.
According to the exact solution of [20] , the effective coupling in the magnetic picture behaves as a constant. The last term of (18) is the first non-perturbative correction to the effective coupling. Accordingly, the "β-function" is given by,
At first glance, the structure of (18) and (19) is quite resemble to the UV renormalon's effect (16) and (17) . However, unfortunately, there are strong arguments that the non-perturbative corrections in (18) and (19) 
